This work analyzes the behavior of Ising spins on a hierarchical lattice subject to relevant fluctuations on the coupling constants induced by a deterministic aperiodic sequence. The thermodynamical functions are evaluated within the method of transfer matrices. It is shown that log-periodic oscillations in the reduced temperature are present for all thermodynamical functions close to the critical point and that the nature of oscillations changes discontinuously at T c : for TϾT c they are almost pure sinusoidal, while, for TϽT c , a second harmonic to the fundamental frequency is clearly observed.
Magnetic systems with lack of translational symmetry mediated by deterministic aperiodic sequences have been intensively investigated in recent years ͓1͔. Such sequences, generated by substitution or inflation rules, have many of their properties well characterized from the mathematical point of view ͓2,3͔. The presence of aperiodicity ͑either deterministic or random͒ may induce changes in the critical behavior of the originally uniform model. This occurs when the fluctuations in the coupling constants and fields are relevant or marginal according to the Luck criterion ͓4͔, that has been adapted ͓5-7͔ to analyze models defined on hierarchical lattices ͓8-12͔. This extension is quite relevant, as these exact scale invariant lattices have shown to be appropriate for the analysis of the effect of deterministic aperiodicity: they lead to phase transitions at finite temperature; they can be exactly investigated with the help of renormalization procedures; it has been possible to choose an appropriate inflation rule for the aperiodicity which matches with the same invariance dictated by the geometry of the lattice.
Changes produced by relevant fluctuations include a drastic weakening of the criticality reflected in the new values for the critical exponents. Other important change is the emergence of log-periodic oscillations in the thermodynamical properties as function of the reduced temperature ͓13,14͔. These oscillations are generally regarded as a consequence of a discrete scale invariance. However, it seems that they can only be observed if relevant fluctuations weakens the original robust transition.
In this work we present a detailed characterization of logperiodic oscillations for the Ising model on a hierarchical lattice with relevant fluctuations ͓15͔. Our very precise results are based on the numerical iteration of a set of exact maps, the derivation of which requires no approximation and proceed within a transfer matrix ͑TM͒ formalism ͓16͔. We show that oscillations are present in all thermodynamical functions for both TϽT c and TϾT c , and not only for the specific heat (TϾT c ) as shown before ͓15͔. The oscillatory behavior has been observed for values of the reduced temperature tϭ͉TϪT c ͉/T c as small as 10
Ϫ11
. Also we present strong evidences that the periodic dependence changes at T c : For TϾT c , they can be fitted by one single sinusoidal function, while the presence of the second harmonic of the fundamental frequency is required for their description when TϽT c . We also show that the period of oscillations is well explained by a recently proposed Migdal-Kadanof renormalization group ͑MKRG͒ framework to account for a class of aperiodic models ͓17͔. Finally, estimates for the critical exponents ͓15͔ have been improved.
We consider an aperiodic i ϭϮ1 Ising model on a hierarchical lattice, where any bond of a given generation is substituted by a set of qϭ3 parallel branches, each one containing a series of pϭ3 bonds. The formal Hamiltonian for the system is
where the first sum is performed over pairs (i, j) of first neighbor sites, and h is an uniform field acting on all sites of the lattice. The bonds J i j are the same on all parallel paths linking the two root points. They assume only two distinct values J A and J B , according to the substitution rule for the sequence formed by the symbols A and B as (A,B) →(AB 2 ,A 3 ). MKRG analysis of the model shows that the usual saddle point related to the criticality of the uniform model becomes a full unstable node when J A J B , and that the aperiodic 
Moreover, they also show that, close to the fixed point, the specific free energy satisfies also the universal form
where x c indicates the coordinates of any of the two points of the cycle and P indicates an arbitrary period one function. So, log-periodic oscillations fit well into the general solution for the free energy. In fact, expression ͑3͒ represents the general solution within the MKRG scheme for the free energy for any model whose criticality is described by an usual single saddle point ͓18͔. In most of the situations where an uniform model is considered, however, it is found that the arbitrary function P reduces to a constant. This is not the case for a number of models with relevant aperiodic fluctuations, where the evaluation of the thermodynamical functions indicates the presence of oscillatory behavior. We show now that oscillations for the present model fit well into the general properties of Eq. ͑3͒. The TM scheme used in our calculations has been detailed elsewhere ͓15͔, and we skip the derivation and the list of the maps used for the description of the thermodynamical properties of the model. They express the pertinent quantities of a given generation Gϩ1 of the model in terms of those of the preceding generation G. The maps are written in terms of the free energy per spin f G and the correlation length G , defined as Fig. 1 for the susceptibility and TϽT c . The presence of a second harmonic to the fundamental frequency is easily recognizable .   FIG. 3 . The magnetization m also entails the presence of a second harmonic, but its effect is less noticeable than that in Fig. 2 . 
FIG. 2. Same as in
G and ⑀ G are the eigenvalues of the matrix T G that describes the interaction between the two root sites of the lattice, and N G ϭ(5ϩ3ϫ9 G )/4 counts the number of sites of the lattice in the generation G. These two variables are sufficient for the complete description of the homogeneous model when hϭ0. For the aperiodic case and when h 0, a larger number of variables, defined in a similar way as Eq. ͑4͒, is required. The maps are iterated until convergence ͑relative precision of 10 Ϫ16 ) is obtained. Temperature dependent initial conditions are required for the numeric process as well.
The criticality of the uniform model is characterized by a cusp singularity in the specific heat c, a vanishing spontaneous magnetization m and divergences in the correlation length and susceptibility . The critical exponents ␣ ϭϪ0.701, ␤ϭ0.168, ␥ϭ2.356, and ϭ1.354 have been evaluated within the TM method and satisfy the Rushbrook and hyperscale relations to a high precision, with errors less than 0.3%.
When J A J B the system evolves into a universality class with completely different features. ͑i͒ The cusp for c at T c disappears, replaced by a smooth maximum at T m slightly smaller than T c along with a critical behavior at T c . ͑ii͒ The critical exponents assume universal values for all J A J B , even for J B Ͻ0. ͑iii͒ Presence of log-periodic behavior, as will be detailed with the help of Figs. 1-4. There we draw the derivatives of the decimal logarithm of , , m and c with respect to the decimal logarithm of the reduced temperature t vs log 10 t. All curves were obtained for J A ϭ1 and J B ϭϪ5 . If the functional dependence of these functions with respect to t are similar to that in Eq. ͑3͒, with the corresponding critical exponent replacing 2Ϫ␣, the derivatives drawn in the figures decouple the periodic from the critical behavior and quantify the critical parameters. For the first three functions it has been possible to evaluate both the critical exponent and the period of the oscillations assuming the dependence expressed by Eq. ͑3͒. ), ϭ9.77508Ϯ0.00901 and b 2 /b 1 ϳ0.22. These ratios b 2 /b 1 differ in the order of magnitude in comparison to that for , and this is an evidence that the periodic functions P x (xϭ,m,) for TϾT c and TϽT c are distinct. The Table I collects the values of all fitting parameters for the three different functions.
Values in Table I for ␤ and are in great accordance with those of our former analysis, while the value for ␥ has increased by some 4%. This is due to the fact that we now evaluate both m and at hϵ0, instead of in the ͑numerical͒ limit h→0. Using these values together with Rushbrook's equality we obtain, for TϽT c , ␣ϭϪ0,968•••. This is ex- 
For TϽT c we have b 2 /b 1 ϳ1.5, while, for TϾT c , b 2 /b 1 ϳ0.12 . These results agree with our former indications that the periodic function P changes at T c and that at least two relevant harmonic contributions are required for the oscillations in the regime TϽT c . The values obtained for the fitting parameters are listed on the Table I. The best value for ␣ agrees with the expected one, while ␣Ј is still some 2% larger. However, the evaluation of the exponents at smaller and smaller neighborhood of T c indicates that these values should converge to Ϫ0.968••• if a region still closer to T c is explored.
Using the estimated value for ⌳ cic Ӎ4.394••• ͓21͔, we observe that all values for the frequency of oscillations reported above are bound to a small interval around 9.7747••• predicted by Eq. ͑3͒, so that our results are in best accordance to those in Ref. ͓17͔ . To conclude, we observe that oscillations for , when TϾT c and 0 hӶ1, are almost pure sinusoidal with b 2 /b 1 ϳ0.1. This completes the characterization of log-periodic oscillations for all thermodynamic functions, which is consistent with the identification of a discontinuous change for the oscillations below and above T c .
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